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The paper considers the possibility of making more exact the theory of
plates based on Kirchhoff’s hypothesis. The problem of the bending of a
plate is formulated as a three-dimensional problem of the theory of
elasticity which can be solved by an iteration process; it is assumed
that one of the extensions of the region under consideration is small
compared with the other two. The required state of stress of the plate
is presented as the sum of a slowly damped state of stress, derived by
means of a basic iteration process, and states of stress which are
rapidly damped with increase in distance from the edge, and which ame
derived by means of auxiliary iteration processes. Such an approach is
often used in the asymptotic integration of differential equations (see
[1]) and corresponds to the physical nature of the problem. The basic
iteration process enables us to find the state of stress which is given
as a first approximation by the classical theory. The auxiliary itera-
tion process allows us to take into account the stress distribution at
the edges which were discussed in attempts to make the classical theory
more exact by replacing Kirchhoff’s hypothesis by alternative assump-
tions (see, for example, [2-6]).

1. It is required to solve the following system of differential equa-
tions of the theory of elasticity:

The equilibrium equations
ds ot

at
x . xy xz xz vz z .
a_x'*'W_l"T—O =0 T + 5 (1.1
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the formulas for the displacements and stresses

Eg—‘-;:dx—'v(ﬁy"l‘dz) (xll), Egz-}-:oz-—‘v(ox+cu)
| (1.2)
du | 8 PR

E(£+£)=2(1+V)sz =0), E(@E+£)=2(1+V)Txu

llere and in what follows the symbol (xy) will be used to denote the
existence of a second relation derived from the given expression by re-
placing x and u by y and v and vice versa.

It is assumed that the z-axis of a Cartesian system of coordinates is
perpendicular to the plane of the plate and that the x and y axes are
situated in the middle plane of the plate. Since we are concerned with
the bending of the plate, it is assumed throughout that the required
state of stress and strain in the plate is skew-symmetrical about the
xoy plane.

We denote the thickness of the plate by 2h and then the following
boundary conditions must be satisfied on the planes z = t h:

G=t3p (2,9, Tw=0,  Tu=0 (1.3)

where p(x, y) is the normal external load intensity.

We shall make use of the relation
0s,/02=0 at z=+h (1.4)

which follows from (1.3) and the third of Equations (1.1).

The boundary conditions on the lateral surfaces of the plate will be
formulated later.

2. A basic iteration process is defined as one which enables the
basic states of stress (those that are not rapidly deamped with increase
in distance from an edge of the plate) to be found.

It is assumed that in the basic state of stress the stresses and dis-
placements do not change too rapidly with respect to the variables (x,y).
In the z direction these quantities obviously must vary rapidly. We shall
therefore use the well-known method of scale extension and replace z
according to the formula

z=ht (2.1)

assuming that the rate of change of the stresses and displacements with
respect to the variables (x, y, {) is not too high.
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Equations (1.1) and (1.2) now become

ds, Ot 0Ty, or,, Ot _, 05,
79?+‘f$+h1 B =0 (), 5 T a;‘ +h1ﬁ=0
2 0
Eaa—:- =a<5x-‘v(°u+5z) @), Ek lgt‘g:cz—"(cx“*‘cv) (2.2)
-1 0u w 0 0
E(higt+5) =2(1+ 9% o, E(Gr+5) =20 +%%

If Q is any one of the stresses or displacements, it can be expressed
in the form
§=8

Q=h" 2 h*IQW (2.3)

$=1
Here g is an integer which is different for different displacements
and stresses and which is defined by the following expressions:

(0x, Oyy Txy) = ¢ = % + 2, (Tezy Tyz) > ¢ =% + 1, O, —> q =%
@, )>qg=%2+2, wosqg=xu+3 (2.4)

(the number k remaining for the present unspecified).

We express the stresses and displacements in Equations (2.2) in the
form (2.3), (2.4) and equate coefficients of equal powers of h on the
left- and right-hand sides of each equation taken separately. We then
obtain the system of equations

acx(‘) arx(s) o, ¥ ot (9 o (8 as_ (8
¥ xz xz vz » _
oz + ay + ac = 0 (xv), a2 ay + ac =0 (2.5)
ou'®
E 5 = 68 —w (GU(S) + O,("—z)) <y
(8)
E ow = 51(0—4) —_— (gx(l—z) + Gu(s—z))

o
(8) (s)
( agg algx ) =2(14v) Tx?—z) @)

du'® av'® R
(Lt + 22 ) =20 + v ed?

Here and in the future it is considered that the quantities Q'®) =0
for s < 1.

Equations (2.5) form a chain of systems of equations, and the basic
iteration process consists of the successive determination (in order of
magnitude of s) of Q'¢) from the appropriate system. The value of Qlsth)
is determined from the values of Q(l), o, 0'¢) already found.
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3. The quantity Q'S), i.e. the solution of the system of equations
(2.5), will be expressed as the sum of two terms Qi(S) + Q*{9) The first
term represents the integral of the homogeneous system

) ( ( )
84:;(3) " AR n ot —0  cu ot ol ds,® ~0
z dy a oz oy a¢
aut® w8}
5e— = 0 — eyl G, E e 0 (3.1)

aul® Huwls) aut® 3u'®)
E(.ia‘g_-+w.*§5_)=o . E(-%};—-—-{- ) =20+ 9

oz

obtained as a result of discarding from (2.5) quantities with a super-
script less than s, and the second term represents a particular integral
of the nonhomogeneous system (2.5) in which all the quantities with a
superscript less than s are considered to be known.

The system (3.1) can be easily integrated to give

w® = fu,® @ wi® = wy®
O':(i.) — Co'xf.) (=g}, Tx‘if? — gtxg(’;)’ tx(z:) o gz‘fxg) + fxgg) {xy)
3
0u = 05" + Loat” (3.2)

Here the quantities distinguished by an additional numerical subscript
(the subscripts are equal to the power of [ by which this quantity is
multiplied) are functions of two variables (x, y) related by the follow-
ing equalities:

awo(c)

@ =0 @ o _ __ _E (2’1"2‘" L’%“’)
e oz Ox1 —vila TV Fys? v
2 () © ap @
&) __ E_ 9w (s} __ 1 36x1 Tyl \
Tayr = T+v dzoy * Txzg = ~— 5\ + 3y = (3.3
P {8) - _1__ 3263:]?8) 2 agtngl} + a?cyis) s & __ __ afxg} + ary%’
s 3l 9z? dzdy oyt )’ = oz dy
The integral of equations (2.5) can be written as follows:
4
Ew's) — S [cz(s-—() — (Gx(’”") + Gu"‘”)] dg
0
|4 3 L
Eu*®=2(1 4+ v)S . dt — E 3_58 WL @) (3.4)
0 o

*(s) *s)
6" = 2 ( du ik

hd 2
1 — o2 dr v&y )+1-—-—v5‘( ) ew?
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oo . E (au‘m 8v'(")
v 2(1 vy \ " 3y oz

|4 (acx'“) a,rx:‘(l)

|4 « .
or,,®  or,,®
s __ W _ xz vz
Cxp | = S 5 T oy )dc ), 6 = S <——6z + 5 di.
Q [

Here the quantities distinguished by an asterisk are functions of the
variables (x, y, {); those without the asterisk and with a superscript
less than s are considered to be known quantities.

As has already been pointed out, Q{5) = 0 for s < 1. Therefore, it
follows from (3.4) that Q*(1) and Q*'??, quantities with an asterisk and
with s = 1 and ¢ = 2, are identically zero. For s > 2 these quantities
are polynomials in the variable [ and can be found from the recurrence
formulas (3.4).

It is required that the stresses found by means of the basic itera-
tion process satisfy the boundary conditions (1.3) and (1.4). More
precisely, we shall impose the even more stringent requirements that

1
6,V =wrmp, 6, =0 1
: b % ¢4 8t s=h(=1)

86,"102=0, .2 =0, V=0, (>1)

Analogous conditions will be satisfied automatically at z = ~ h, since
the problem is skew-symmetrical.

With the aid of (2.3), (2.4) and (3.2) we obtain

= . ds *(s)
R l(czgl-) + 62{8) + 6; (l)) — __;_Ph k._,‘_g (35:§3)+ Gn(;}+ ;c )= 0

h!—x—2 (Txé;) + 1x§3}+ fx;(.)) == 0 {x¥} (3’ 5)

Here p, = p and p_ = 0 for s > 1.

It is assumed that p(x, y) is independent of h and that the quantities
Q') and Q*‘¢) also need not depend on h. If we satisfy this requirement
and put x = 0 we can solve equations (3.5) for czg’), czi‘), 1223, 1;§5.
Bearing in mind that quantities distinguished by an asterisk are nonzero
only for s > 2, we find that

1 1 1 3
5z§)=—'TP, sz)‘-:TP
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W 4w der B 1 w95
Ogg = T(Gz ~% ) 01 =— 3 3o; 3 (s>1) (3.6)
Tx(z.o) = — Ty — T {xv)

Thus ¢ ;l) can be expressed in terms of p, o ;2) =0, and for s > 2,
0,3 can be expressed in terms of quantities dlstlngulshed by the super-
scr1§t (s) and an asterisk. This means that for any s we can consider

to be a known quantity if s — 2 first approximations have been
found and consequently, (3.3) forms a system from which

) f ) ) 8) (8) (8) (8)
ul( ) Ux( ); wo( ), °x1( ' 51/(1 v Txyly Txz2 » Tyze

can be determined.

It will be noticed that this system reduces to a nonhomogeneous (for
s > 2) biharmonic equation (with respect to x, y) in wo(’)

4. Let us turn now to the auxiliary iteration process, i.e. the pro-
cess by means of which we find the states of stress which are damped, no
matter how rapidly (for a sufficiently small h), with increase in dis-
tance from some fixed line in the plane xoy. In order to simplify the
computations, it is assumed throughout that this line is x = 0 and that
damping takes place on the side x < 0.

If in (1.1) and (1.2) we make the substitutions
$=h§, z=h§

the seconf of which is the same as (2.1), we obtain

3§ + axv—}—h C =0, Eh—ljs-——cx V(°v+°1)
E + +h—1 aZ‘_O E——=6y—\’(52+cx)
gl + 6”’ Tyt ag =0, Eh‘l—g =06, —v(0z+0y) (4.1

E( B+ o) =2(1 4 %) Ty, Eh“(a; + ag) 2(1 4+ ¥) Tus
E (3—:+h—lg—g) =2(1 4+ V) Ty

It will be assumed that the rate of variation of the unknown quanti-
ties with respect to the variables (§, y, {) is not too high.

We denote any of the unknown stresses or displacements by R, where R
is defined as
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§=5
R = h" ) k*—1R® (4.2)
s=1
Here r has different values for different stresses and displacements,
and there are two possible variants for the choice of values of r.

The first variant is given by

(Teyy Tya) > 7 = — 4, (Oxy Oyy Taz, 0;) > 7 =— A + 1
@w)>r=—4+2 vor=—h+t (4.3)

and the second by

(Ox, Oy Tazy 0) > 7 == —p 44, (Tay, Tye) > 7 = —p + 2
ww)>r=—pn+2, vo>r=—p-+3 {4.4)

where A and p are for the present arbitrary numbers.

Correspondingly, it is possible to formulate two variants of the
auxiliary iteration process. In order to do so we substitute expansions
(4.2) into equations (4.1), express r according to formulas (4.3) or
(4.4) and then equate coefficients of equal powers of h on the right-
and left-hand sides of each equality taken separately. In this way we
obtain

8@ T ® g ® @
1 xz u
3E 3y 3t =0, E 3t = 6, W —w (gy(a) + oz(a))
ot 95, ™M gy (@ PIE) 5
;g ;y + 32: =0, E gy =6, — v (0,® 4 5,)  (4.5)
(@) 8) (a) (a)
6122 615:/ + aca; =0, £k awi 6% — v (6x®) + 6
b

gp® S
B

. @ 3 @ .
ra T>—2(1+V Ty, ( : >=2(1+V)Tx§)

E
() (@)
E (auY 80 \) +’V)T(a)
Here a, P, y are defined by

7 § — 2 for the first variant (4.6)
v = s for the second variant (4.7)

[+
[+

I
H

Il
H

s, B
B

$,

In equations (4.5), as before, R(s) = 0 for s < 1.
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5. Let us make a more detailed examination of the first variant of
the auxiliary iteration process. According to (4.6) we can express the
system of equations (4.5) in the form

AL R A S
at By g

=0 (5.1)

L w® awRy 0) av'® au“’z’) _ (s)
p (S +25) —2t 4wt E (G 25 =20

{8) (8
ao ot ar(® —0 ar ol n ds, =0 (5.2)
3 3y aF — o TE % % .
u'® 30
5 = 00 — V(0@ + 00),  E T =0, — (0 + 0)

(8) (8} (8)
ot v+ o), E (% B ) =204l

The solution of equations (5.1) and (5.2) can be expressed by
R® = R{® 4- RI® (5.3)

and we shall assume that:

(T, 1Y , 1) is the general solution of the homogeneous system ob-

tained by equating to zero quantities with a superscript (s - 2)
in (5.1);

(o8, 7P, 0,8, 64, uﬂ",w&”) is the particular integral of the non-

homogeneous system of equations obtained by putting

Txg(;) = szi), Tyg.” = Tv(z‘%; v = vlm
in (5.2) and assuming that these quantities are known;

* * - N > .
(xr xéf’,twtf), v ®) is the particular integral of the nonhomogeneous

system (5.1), in which the quantities with a syperscript (s - 2)
are considered to be known;

.( ) », *, L]
(‘5:‘:18 , sz(IS), 51:1(8)» 621(8)

,ui ,wi™) is the particular integral of the
nonhomogeneous system (5.2) obtained by putting

S) * 3 L *
'cx'(y = Txy‘l)y Tu(zs) = Tu(z?a 7)(8) = V7 ®
and assuming that they are known quantities.

Since R'* =% =0 for s = 1, 2, we can put R}{*? =0, R}® = 0.
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In the first variant of the auxiliary iteration process the basxc
system of equations is the one which determines (1'%} T(fi, v, 080y,
is the system of differential equations obtained in the problem of

torsion of a prismatic rod (with its axis along the y axis).

6. The solution denoted by R, (s) in Formula (5.3) is obtained by
integration of a harmonic equatlon Indeed, if we discard quantities with
a superscript {s — 2) in (5.1), all these equations can be satisfied by

ing (6.1)

(8) {s)
) =l = ek 1 o Y

. 3\1;( )
ayl agr Ty = pEap Ev®) = Evi® = 2(1 +v v) 25

™ =

where ¥} is a harmonic function of the variables g, L

aapls)  pagls)
e+ T = (6.2)

Equations (5.2) will also be satisfied if we put

arpis) gayie)
W =ol=—2%5, =T = s
gy e
6,® =6 =0, 6, =00 =2_"— 5% 5y (6.3)

Eu® = Eg— —2(14+v) 2 aq . Ew® = Ew® =0

7. Let us now consider the second variant of the auxiliary iteration
process; according to (4.7), Equations (4.5) can be written as follows:

3, () dr f5=2) g 0 or (9 n v e® n 95, 0
3 dy op at dy a
(s) gple—2)
E auas = 6,8 — (Gy{s} 4 52(5)), E v = Gu(s) — v {618 - Gx(s)) (?.1)
' aul® ow'®
EW 60 v+ o0, B(Z+ %) =20 vy
) s) ()
o, ds,, 8 dty, -0 (7.2)
3 %y 4 ’

®  aw® ) aw®  gu® ,
(2 2 ) <ot avey,  E(%+%0) =204y

We can express the solution to this system of equations in the form

R® = Ry® + Ry*® (7.3)

and we shall assume that:
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@8, &, ofh of) un®, wa®) is the general solution of the

homogeneous system of equations obtained by equating to zero
quantities with a superscript (s — 2) in (7.1);

(v&y T8 vp‘®) is the particular integral of the nonhomogeneous
system of equations obtained by putting

o =ofl, W=t ¥ o, o0 =of
ul® = up, w® = w®
in (7.2) and assuming these to be known quantities;

(0, 29, o}, oX®, uy*®, wp*®) is the particular integral
of the nonhomogeneous system (7.1) in which quantities with a

superscript (s - 2) are considered to be known;

(T2, t;gg, v1*®) is the particular integral of the nonhomogeneous

system of equations obtained by putting

— - —_ — *
o = oy, W= @ =oxn, o0 ol
a®) = ap*®,  wle) = w*e

in (7.2) and considering these as known quantities.

The quantities R{!? and R‘?) are zero and we can therefore accept that
(1) (2) P
Ri;"’ and R};°’ are also zero.

In the second variant of the auxiliary iteration process the basic
system of equations is the one which determines
o) Tl o 0 wn®, wy

It is the system of differential equations obtained in the problem of
plane deformation (in the plane 20:).

8. The solution denoted by ngs) in formula (7.3) is obtained by
integrating a biharmonic equation. Indeed, if we discard all the quanti-
ties with a superscript (s — 2) in (7.1), we can satisfy all these equa-
tions by putting

PP D)
=0l = gy 0=l =
. @8.1)
at a2 \ o0 Qe
(8) — g (8} — —— ] ——— = —_ — - -
Sy =05 =" (agz + aga) R Al e 5

(#)
Eu® = Euy® = (1 — v?) (,5%’,2_ +aa_§:) O — (1 +v) a:;u
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s & a2\ ¢ 30 2p(s)
Eut = Eulp) = (1 =) (35 + 30) |55 & — 1+ S5
where 0(%) is a biharmonic function of the variables €, {

248 ts) 34@e)
3% +2 PRy s =0 {8.2)

Equations (7.2) can also be satisfied if we put

. s g 7o 3\ (e} 850
== g~V (aw e O W =~ —
, N 2 @ (8.3)
Ev® = Evp® = (1 — )5 (55 + ) 098 — 1+ v 5

9. We shall make the stipulation that in both variants of the aux-
iliary iteration process the homogeneous boundary conditions (1.3) must
be satisfied in each approximation. In this way conditions (1.3) will be
satisfied for the sum of integrals corresponding to all three iteration
processes.

It will be assumed that in formulas (5.3) and (7.3) the particular
integrals R;") and.R‘f’} are chosen such that they both satisfy the
homogeneous boundary conditions (1.3) for any value of s and both are
damped with increase in distance from § = 0 in the direction § < 0.

The determination of R;(S) and R;l(‘), each taken separately, reduces
to the integration of a system of equations equivalent to a single
Poisson equation and to a nonhomogeneous biharmonic equation. It is
therefore assumed that there are sufficient arbitrary constants of inte-
gration to satisfy all these requirements, since no conditions are im-
posed on R$*) and R} ‘*) on the edge € = 0.

With such a choice of R;(‘) and R;l(" the integrals Rl(S) and RII(‘)
in (5.3) and (7.3) must also satisfy the homogeneous boundary conditions
{1.3) and the damping condition as £ ~ — ». Furthermore, in deriving
R ‘® and RII(‘} certain arbitrary constants must be retained for satis-
fying the boundary conditions on the edges of the plate.

In addition to the homogeneous boundary conditions and the damping
conditions, we shall therefore make the further requirement that:

for RI(‘) one boundary condition of the form

T =y  at E=0 (9.1)
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and for RII(S) two boundary conditions of the form
g = 1% for =0  (k=1,2) (9.2)

are satisfied.

Here I'. ‘%) and ', {? are homogeneous linear functions of quantities
which have been denoted by RI(’) and RII(’), respectively, and 71(8) and

yllis) are arbitrary functions of the variable (y, ).

The quantities RI(’) are defined by formulas (6.1) and (6.3). It is
easy to see that they will satisfy the homogeneous boundary conditions
(1.3) provided that ¥'%) satisfies the boundary conditions

aye
48

in addition to the equation (6.2).

=0 for {=+1 (9.3)

From now on we shall be concerned with only two variants of conditions
(9.1), namely

o =11 @ =1 (9.4)
It can easily be shown that Equation (6.2) has a {unique) solution
which at { = t 1 satisfies condition (9.3), is damped as € = — @, and
which at £ = 0 satisfies one of the conditions (9.4) whatever the func-
tion y; (which, of course, possesses certain properties of continuity).

It is possible to obtain this solution by the method of separation of
variables.

For RII(‘), however, the question of the existence of such solutions
is far more complex. The quantities R 1(3) are defined by Formulas (8.1)
and (8.3). It will readily be seen that they will satisfy the homogeneous
boundary conditions (1.3) provided o's) satisfies the boundary conditions

oD

o‘ﬂz__.ag =0 for {=+1 (9.5)

1n addition to Equation (8.2).

In order that Equation (8.2) has a solution which at { = % 1 satisfies
the conditions (9.5), is subject to damping as § - — @ and which at £ =0
satisfies the two conditions (9.2), it is necessary to satisfy certain
compatibility relations, the significance of which will be explained in
Section 10, between conditions {9.5) and (9.2).
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10. If we discard terms with a superscript (s — 2) in the first two
equalities of (7.1), we obtain the two equations

ac, ‘9 arT‘) ar(‘) ds,®
E + —— _O, — ot = (10.1)
which, amongst others, must be satisfied by the quantities RII(S)'

We carry out the following integration operations on equalities
(10.1), the first operation being performed on the first equality and
the second operation being performed on the second equality:

afale  falals
-0 —1 -1 —00  —0 -1

Where necessary the order of integration will be altered and the differ-
ential sign will be taken out from under the integral sign. Then, taking
into account the homogeneous boundary conditions (1.3) and considering
that the damping condition can be treated as the requirement that at

€ = - = all the stresses and displacements vanish, we obtain: from the
first of equalities (10.1)

41t +1
gd;g o | dt=0, or gcox‘f} dt=0  (10.2)
-1 -1 £=0 —1 E=0

If we carry out the operation I d§ f dg on the second of equalities
(10.1), we find that

41
| wih| dc=0 (10.3
—1 E=0
By virtue of (1.3) we have that
LP)
.rx(zl) — gafxz dt
E=0 - E=0
and consequently,
+1 4
(8)
\ de g O | dr=0 (10.4)
-1 -1 a; E=0

In certain cases equalities (10.2) to (10.4) constitute the compati-
bility relations. They indicate the requ1rements that must be imposed on
the boundary values (at § = 0) of o ; ) and T zif), if these quantities
are given by boundary condltlons (9. ?§ in order that a solution to the
problem of finding R can be obtained in which no discontinuities
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occur at the edges of the plate (§ =0, [ =% 1).

Note. Equalities (10.2) and (10.3) have a simple physical meaning.
The first expresses the vanishing of the bending moment produced by the
normal stresses ong) on the edges, and the second expresses the vanish-
ing of the shear force created by the shear stresses szI;

We shall denote the compatibility relations by

Alp @y, b Pl=0 (10.5)

taking this as a relation which the function ¢(y, () must satisfy if it

has the boundary value P. For example, with the aid of (10.2), we can re-
write

A [g; crx%)] =0

as follows:

+1

| tpdt =0

-1

The szmbolic notation of (10.5) will be used in those cases when
p=yts (s

11° or P =w 1% although the question of how these equalities
can be made more specific is still unsolved.

11. Let us consider the following five variants of the boundary con-
ditions on the edges of the plate:

o, =0, Toy=0, Txz =0

(11.1)
u =20, v=0 w= (11.2)
u=0 1T3=0 w= (11.3)
o, = 0, v=0 w=20 (11.4)
0,=10, 1Ty =0 w=0 (11.5)

It is assumed throughout that the edge lies along the line x = 0 and
that the plate is situated on the side of negative values of x.

In the classical theory of plates the edge on which such boundary con-
ditions apply is considered as a free edge in the case of (11.1), as

fully fixed in cases (11.2) and (11.3) and as hinged in cases (11.4) and
(11.5).

It is perhaps more natural to represent total fixity by the three-
dimensional boundary conditions (11.2), and a hinged support by the
three-dimensional boundary conditions (11.5), but for purposes of

1013

on the edges.
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comparison, boundary conditions (11.3) and (11.4) will be used.

It can easily be shown that in the present problem the boundary con-
ditions

rxz IE=0 = O, 6‘53-_; / a§l2=0 == O

are equivalent to each other. In fact, in a solution which satisfies the
second condition, 7,, at § = 0 must be constant with respect to {, and
since this quantity 1s zero at [ = £ 1, the first equality must be satis-
fied.

The equivalence of the boundary conditions
vloeo =0, 30/ 0%jecg = 0

can be proved in the same way, since v is assumed to be an odd function
of .

An obvious corollary of these conclusions is the equivalence of both
of the two pairs of boundary conditions

(tey = 0, T = 0), (v =0,w = 0) (11.6)

respectively to the following two pairs of boundary conditions

a9 a .
(vey =0, v=T22 —w* J2= 0) (rur=h"2 + %2 =0,w=10) (11.7)

12. It will be assumed that the stresses and displacements are com-
posed of the sums of three terms corresponding to the basic iteration

process and two variants of the auxiliary processes. In other words, we
assume that the stresses and displacements can be expressed as follows:

or = K2R (Lo + ox*@) + BT YR + 6aY) +
+ R R 68 o
Top = H2 ) RHEOSH )+ BT R (et + D)
+ R DR (nh 4 et

. —1 *
Ty, =h1 2 B (gz,r;f; -+ Tx(zs()b -+ 1C'xZ(S)) +

EEWPIE SR . - - )
SRS R () ) 4+ AP AT (nlih vt
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u=hD) B u® 4 ut) 4 R BN - oupt ®) 4
RS RTH (un @  ug ¥))
v =K BT (o - o*@) + BT BT (o o) +
+ BT R 0] 4 o)
w=h3D) B (we® + w*®) + B2 R (@  wpr®) 4
+ R BT (wn @ 4wy *) (12.1)

The summation here is everywhere carried out with respect to integer
values of s, starting with s - 1.

Similarly, we can write down expressions for T and Yys appearing in
(11.7)

T == h"zz M (S AT RS T*E) h““’*’i‘?z B3 e
— P T a (el + rath + h R e L = St (12.2)
Tuz =k‘"‘Z B TNE BT g () o or )

+ R R g 7 (w1 - wp) +h“‘“2] R (8 resd)

Here we have taken into account that by virtue of (3.3), (6.1) to
(6.3)

a8 et ()
¥l xzl — dw
TI(S):W—“T ﬂU, T(s) v(S)+ 2 30
We have also made use of the notations
LA — e *{(8) doy ! +awﬁ v = {8)
L t'*y T“z ! ag ay TszI
*(s) *(s) ()]
dvyy Bwyy — o i — o) —opw (12.3)
g 3y yzIl? 1 By x22
*{s) *(s)
0 = T I

oy 78

It should be remembered that quantities distinguished by an asterisk
vanish for s = 1, 2, and therefore in (12.2), in the expressions
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Z A '}’;is) , 2 hs~3’rx*(5)

the first two terms disappear, and these summations, as well as all the
others, start from terms containing h to the power zero.

On the right-hand sides of Formulas (12.1) and (12.2) the numbers A
and p are as yet unknown, and the method of imposing the boundary condi-
tions will be as follows. Expressions (12.1) and (12.2) are substituted
into the boundary conditions, the numbers A and y are chosen in some way
and the coefficients of equal powers of h on the right- and left-hand
sides of each boundary condition taken separately are equated.

As a result a succession of boundary relations is obtained, the form
of which depends on the choice of the numbers A and p. The values of A
and p must be chosen in such a way that the succession of boundary rela-
tions is consistent with the differential equations which are satisfied
in each approximation by quantities associated with some particular
iteration process.

13. Let us apply this method to boundary conditions (11.1) to (11.5).
From (11.1), putting A = 2, u = 2, we obtain a succession of boundary
relations

gglm—” Cofz -+ o 40 - () gg-s +0'*3 4+ 0@ Jgt2 =0
x(l) 12 xl) :éll) x(IlI) 4 x(l) x],() x(I) (II)I Fees
CT T =0 CT 2) 4 7@ = 0
agl)l ag)l ’ e &

xyl xyl
3) *(3 3 *(3 1) =
C‘tjéy) + T } - "x(y)r + T + Tx(u%x =0,... (13.1)
oty ot
@ Al @) Xl
:1:1 ag 0? ‘:rl ag O
2 x%
*® J—
£1y@ - ¥ py*e) 3 (T8h +38) + =0

Here the first pair of boundary conditions (11.6) have been replaced
by the first pair of (11.7).

From (11.2), putting A =1, pu = 3, we obtain

fu,t) =0, g @ 4 ug© =0, Cu@)+—u”$—kunﬂhzo .

=0,

yzll yz szI

=0,. (13.2)

vy
Ty g
w® =0, w® =0, we'® + w*(s) + wp® =0, ..
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Here the second pair of boundary conditions (11.6) has been replaced
by the second pair of (11.7).

From (11.3), putting A = 2, u = 3, we find that

tu,® =0, L, ® + uy® =0, [u,® 4 2*@ 4 uy® 4 u0,=0, ...
Lt + v =0, e+ 8+l =0,... (13.3)

we® =0, w,® =0, w® + w® 4 wy® =0, ...
From (11.4), putting A = 1, u = 3, we obtain
L0 + o= 0, L@+ of=0, TP+ o0+ oY+ o3P+ oW=0, . ..
3 (2}
To> + av"ai?' Tra =0 1+ %’2‘ +rR=0 (134
wel) = 0, wy® = 0, we® - w4 =0, . .

The boundary conditions here have been rearranged as in (11.2).

From (11.5), putting A = 2, u = 3, we obtain

e 2 .
o+ of=0, Lo+ o+ oP=0,

G+ 00+ ot 03P+ 0p=0, ...

1 == 2 2 b g
O+t =0, @+ v@ 4+ @ =0,... (13.5)
wy = 0, wo(i) = (), Wy 4 w*® Lo =0, . .,

The compatibility of the boundary relations (13.1) to {13.5) is
proved below.

14. Each succession of boundary relations (13.1 to (13.5) consists of
equalities which form three groups corresponding to the number of bound-
ary conditions, The first and third groups can be looked upon as equa-
tions defining the boundary values of quantities distinguished by the
additional subscript II. An exception in certain cases occurs in one or
two of the first equalities in each group where these gquantities do not
appear. For quantities distinguished by the subscript II the compati-
bility conditions (10,5) must be satisfied. This enables us to write two
groups of supplementary relations for each of the boundary conditions

(11.1) to (11.5).

For the boundary conditions (13.1) the supplementary relations are
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+1
2

n) — . — = _ —
o0 =0, 4 (~ Lo — o, of)= —F o — | tapd =0

-1

2 +1

— 3) * — = e — J— *

Ao — o0 o, o= —2 o — | L + oL,

7 ()
A (Cn‘” a;‘g“)z 2 =0

o)
4 (;1:1(2), ;ZH) = %rlm =0,... (14.1)
*(3) ®) '
A (;rl(a) 4 T*® 4 g * — ?%EL, at";” ) =
+1 4 *(3)
ot
=2 P 4\ d¢ X (r*m + e — = )d{; =0, ...
3 9
-1 —1

Here, in writing out the compatibility relations A = 0 we have made
use of Formulas (10.2) and (10.4). Also, the first equality in each
group of boundary relations, in which o {5) does not appear, has been

X
re-written here after dividing by { (as is done in all subsequent
supplementary relations).

For the boundary conditions (13.2) and (13.3) we obtain
2,0 =0, A (— Lu,®, ug®) =

A(— ta® —w®— a0, ag®)=0,... (14.2)
we® =0, w® =0, A(—w® —w*®, wy®) =0,...

In the third of these equalities we must put j = 0 for boundary con-
ditions (13.2) and j = 1 for boundary conditions (13.3).

For the boundary conditions (13.4) we obtain

1 M. 2 _( 2) 2)\ 2
("" Cdxg. )» oa::(I{ - 'g Gx(l) — Y, A (_‘ Csxg. ’ cx( I)) - _‘cx(1) - O
* 3 3
A (_" §°x(13) — Ox @ _ Gx;‘l(a) Cj.ac(Il)y Gx(II)) = — 73 cx(l b —
+1
*
g L0 + 6,01 + o) dg =0... (14.3)

—1
wolD == 0, wy® = 0, A(—wy® —w*®, wW)=0...



An approximate theory of bending of a plate 1019

and for boundary conditions (13.5) we find that
A(— §5x§.1)’ cx%)) = — 3 Gx(ll) =0

+1
2
A=t —of, o) = —Fod— \tafldr =0
-1
(14.4)
2
A (= o — 6" — ol — o, ofl) =
2 I
*
=0 o — Xg(c ® 4 s 3 Lo P)dt =0
-1
w, =0, wy® =0, A4 (—w,® —w®, wy) =0..

15. In the series (12.1) and (12.2) quantities of the type Q; (2) are
functions of the two variables (x, y), and for each particular value of
s satisfy a system of equations equivalent to one biharmonic equation.
This means that 0‘ can be expressed for every value of s in terms of
a biharmonic function B'®) of the variables (x, y).

Quantities of the type Q*‘%) are ?olynomlals in g, the coefficients
of which can be expressed by ot Q's— %), Since Q'1?, 02,
@3, ... are determined success1vely (1n numerlcal order of super-
scripts), it follows that in finding Q') or, what amounts to the same
thing, in determining B'®’, the quantities Q*‘*) can be considered to be
known.

Quantities of the type RI(S’ can be expressed for every value of s in
terms of a biharmonic function ¥'$) of the variables (€, (). Quantities
of the type R, (s) can be expressed for every value of s in terms of a
biharmonic functlon 0'%) of the variables (€, 0). Flnally, quantities of
the type R} (s) and R*(S) can be expressed, respectively, in terms of

R“) R(Z) R(s"z) and R, “) R (2), R (""2) . This means

that in flndlng Y(S) quantities of the type R‘(’) can be considered to
be known, and likewise for quantities of the type R‘(’ in the determina-
tion of 0'%

Thus we are able to find the functions B'¢), ¥(8) (&) the boundary
conditions for which are formed by relations (13.1) to (13.5) and (14.1)
to (14.4).

In determining B!, B2} | . the boundary conditions can be ob-
tained by using equalities of corresponding numbers from the first and
second §roups of supplementary relations (14.1) to (14.4). In finding
pb | ¢l2 . an equality of the corresponding number from the second
group of boundary relations (13.1) to (13.5) is used for the boundary
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conditions. In determining Q(l), 0(2), ... the boundary conditions are
obtained from equalities of corresponding numbers from the first and
third groups of boundary relations (13.1) to (13.5), dlscardlng those
equalltles that do not contain quantities of the type Q ) (they are in-
cluded in the supplementary relations).

For the boundary conditions (11.1), (11.3) and (11.5) the functions
B's), 90} ¢0s) nyst be determined in the following order:

BY, W @ (g@ @l gy (15.1)

The fourth, fifth and sixth functions are bracketed, which means that
in some cases the order in which these function are determined should be
altered, and in other cases all three functions must be determined

simultaneously.

In determining BV, ¢t} B(2) the following equalities (written inm
square brackets for each of these three functions) form the boundary con-
ditions:

for boundary conditions (11.1)
B(l) — {Gx(ll) — O; Tlu)“O]* ‘f(l)—; [c,rx(l) + rxg}l) - O] (152)

BY [ s 5 to)dr = 0; 1= 0]

for boundary conditions (11.3)

B(l). — {u(l) = 0; w{}(l) — 0], q:(l)__b) [C'tx(';}x) + Tx(l) — 01’
B(L’) — [A (___ gulw); uu‘”),z 0; w0(2) — 0} (15_3)

for boundary conditions (11.5)

BY [Gxgx) = 0; wo(n = 0], yu Crx&) + Tx(x) = 0]
(15.4)

B® -3 0 + g Lout" dg = 0; wel) = ]

-1

For boundary conditions (11.2) the functions Bls) gle) 0¢*) must be
determined in the following order:

B(l), B(2), B(3)’ CD(I), ‘F(l), L (155)
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and the boundary conditions are given by the equalities

B(l}__> [u1(1_) =0; wo(l) = 0], (2) — [4 (— §u1 : uH(l)) = 0; wo(z) = 0]
B(3) — [A (_ gul(a)-_ u*(3); uII\z)) =0, 4 (_ w0(3)___w*(3); wn(l)) = 0]
o [;ulﬂ) +u I(1) =0; w (3)+ w*® + wﬂ(l) = 0]
gy _, {,}, *(3) + ,_.___ + vz%l) = 0}
For the boundary conditions (11.4) all of the relations (15.6) are

retained with the exceptlon of the first boundary condition which applies
to the function B{3?. It has the form

A (— ;ul(s) —_— ¥ ul(l); un(2)) =0

In this connection, only B‘!) in (15.5) is determined independently;
B'% B3 o1 ¢(1) mugt be determined simultaneously,

16. We will now show that every approximate basic iteration process
taken separately is equivalent to an analysis of the plate on the basis
of the classical theory. We shall make use of the definitions

+h +h
M = p*—8 S 20.0dz ), H® = p*3 S z‘t'xg;? dz

+h Zh

+h (16.1)
V. =p? S Tatdz ), W' = p* 0w,

~h

The quantities M;(s’, Mt pls), V;(S), V_(5) have an obvious
physical meaning: they are in fact the moments and shear forces produced
by stresses corresponding in the sth approximation of the basic itera-
tion process to the general solution of the homogeneous equations.

We replace the functions o, () o (‘) T (‘), Tzz£3), T, in

(16.1) by their expressions glven by (3 2) xgakmg into account (2.1)
and the last of formulas (3.6), we obtain

28— 2
M =2h e e, HY = 5H 7

+1
V= — 2k — B S WOdr @ (16.2)

—1

Substituting this result into (3.3), we obtain:
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2ER®  (3%w.(®) Py 8 28R 9w O
MW _ ___sEr (0w ow 0 _ __ _auh®  Fw
* 3(1-\»') (63:‘ Mrr 8 ) e, H SUE ) 3ndy
+1
8M AH® oy
AL =—a-;_+ e R (16.3)
-1
*uL  mge M@ — 4p 1,
33 9z Oy W Oz3

In making tlie sth approximation the quantities with an asterisk and a
superscript (s — 1) can be taken as known. In addition, taking into
account formulas (3.6), we can also consider 1*{®), {8} and o g’) in
(16.3) as known quantities. Thus Expressions (16.3) are the equations of
the classical theory of plates. In these expressions the terms containing
'r;i‘), T;") and o, %) represent the externally applied forces and

moments respecuvely

For s = 1 we have that T;i') =0, 'r*(z" =0, 4cz§’)= p and the con-
ditional load applied to the plate coincides with that considered in an
analysis based on the classical theory.

For s = 2 we have that T;(z") =0, 'r“‘(z") =0, o‘(‘) = 0 and the condi-
tional load vanishes. For s > 2 the conditional forces and moments in the
sth approximation depend on the stresses of the (s — 2)th approximation.
The conditional load intensity diminishes as s increases according teo
the law h*~

The boundary conditions required for finding the biharmonic function
B'Y) are given by (15.2) to (15.4) and (15.6). In these equalities 'rl(”
can be expressed according to Formula (12.3) and ul( ) can be written in
terms of wo(n with the aid of (3.3). Taking this into account and
meking use of Formulas (16.2), we obtain:

the boundary conditions corresponding to a free edge
M® =0, V4o 9y =0
the boundary conditions corresponding.to a fully fixed edge
ouw [ 9z = 0, wit) =0
and the boundary conditions corresponding to a simply-supported edge
MY =0, w =0

It follows that the first approximation of the basic iteration
process is equivalent to the classical theory of plates, in the identity
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not only of the differential equations, but also of the boundary con-
ditions.

17. The most significant corollary of the preceding results is that
the state of stress set up in a thin plate in bending is composed of a
basic state of stress, a state of stress due to edge torsion and a state
of stress due to plane deformation at the edges.

The basic state of stress corresponds to the basic iteration process.
In general, it covers the whole plate and as a first approximation co-
incides with the state of stress corresponding to the hypotheses of the
classical theory of plates. The states of stress due to edge torsion and
plane deformation at the edges correspond to the first and second variants
of the auxiliary iteration process. They have only a local effect near
the edges of the plate or near other lines of distortion and as a first
approximation coincide, respectively, with the states of stress set up
by torsion or plane deformation of a narrow strip along the given line of
distortion.

All of these states can be found as a first approximation by making
use of the usual physical hypotheses, and with the aid of a basic itera-
tion process and two variants of the auxiliary process they can be found
for sufficiently small values of h to any degree of accuracy (this state-
ment is conditional, since the present paper does not cover the question
of evaluating errors).

The problem of formulating various approximate methods for solving
problems in the theory of plates can now be treated as one of finding s
certain number of approximations in the iteration processes described
above. In particular, the classical theory from this point of view can be
looked upon as an approximate method based on the application of one
basic iteration process for which only the first approximation is made.
With this approach it is necessary to take into consideration the
auxiliary iteration processes, 1.e. iteration processes based on the
integration of differential equations in which one of the independent
variables is (. This is the principal difference between the suggested
approach and those which have been adopted so far., These have always led
to the integration of equations with independent variables (x, y) defin-
ing a point in the middle plane. In this connection, it would now be
difficult to compare the proposed method with methods such as that
suggested by Reissner [2]. However, a purely qualitative coincidence will
be noted. The equations obtained in making the classical theory more
exact contain additional integrals corresponding to rapidly damped states
of stress.

18. Without going into the details of actually deriving the functions
B's), ¢(s) 9ls) 4o shall conclude with a few remarks of a general
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nature.

We obtained the Formulas (2.3), (2.4) in which, as was shown in
Section 3, we must put k = 0. These relations define the asymptote of
the basic state of stress, i.e. the rate of increase or decrease of its
components of stress or displacement as h tends to zero. The main
stresses (those which increase more rapidly than the others) of the
basic state of stress are o, Txy. cy. They increase as h"zt We shall
write this as follows:

Gy T 5, ~ h-? (18.1)

Xyr ¥

The asymptote of the states of stress due to edge torsion and plane
deformation at the edges is defined by Formulas (4.2, (4.3) and (4.2),
(4.4), respectively. It is found from these relations that in the state
of stress due to edge torsion the main stresses are Txy, Tyz. where

—A v

Ty Tyr~h 2 (18.2)
and 1n the state of stress due to plane deformation at the edges the
main stresses are Oyt Tyr Typr O where

G,y G, T

xr Cyr txzr Gz""'hwl‘b*‘1 {18.3}

Comparing (18.1), (18.2) and (18.3), we conclude that with A = 2 and
u = 3 the main stresses in the states of stress due to edge torsion and
plane deformation at the edges are not of the same order as the main
stresses of the basic state of stress. But it was shown in Section 13
that at least one of the quantities A, | assumes these values for any of
the boundary conditions considered above. This means that the edge
stresses (or, in general, the stresses near lines of disturbance) cannot
be found even to a first approximation by means of one basic iteration
process, or, consequently, by means of the classical theory.

In order to find more accurate values of stresses at points distant
from the edges by the proposed method, it is sufficient to make the
first two approximations in the basic iteration process. In most cases
it is considerably more difficult to find the edge stresses even to a
very crude approximation. To do so, it is necessary to find the first
approximation of all three iteration processes, i.e. to determine B(I),
?(l), Q(l). but the functions ?(1), m“>, as is shown in Section 15, are

rather far apart in the successions which determine the order of finding
B(s) Y(s) Q(s[

The boundary conditions (11.2) and (11.3), which are different from
the point of view of the three-dimensional theory of elasticity, must
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in the classical theory of plates be treated as the same, as conditions
of full fixity. Similarly, (11.4) and (11.5) are two distinct three-
dimensional examples of conditions of hinged support. It can be shown
that in the succession of functions B'S’, ¥(s) (%) on1y B!} is in-
dependent of the choice of variant of the three-dimensional boundary con-
ditions corresponding to a given condition of fixity. This means that
only within the framework of the classical theory of plates can we use
such general concepts as a fully fixed edge, a hinged support, etc. In
deriving methods which aim at greater accuracy these concepts must be
made far more definite.

In order to simplify the computations in the auxiliary iteration pfo-
cesses it was assumed that an edge of the plate lies in the plame x = 0.
It is not difficult, however, to generalize this to the case when the
edge is in any position, since the main results can easily be formulated
in terms which are independent of the chosen coordinate system.
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